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Abstract

The use of a pressure strain rate model including terms nonlinear in the mean strain and rotation rate tensors in an explicit alge-
braic Reynolds stress model (EARSM) is considered. For 2D mean flows the nonlinear contributions can be fully accounted for in
the EARSM formulation. This is not the case for 3D mean flows and a suggestion of how to modify the nonlinear terms to make the
EARSM formulation in 3D mean flows consistent with its 2D counterpart is given. The corresponding EARSM is derived in con-
junction with the use of streamline curvature corrections emanating from the advection of the Reynolds stress anisotropy. The pro-
posed model is tested for rotating homogeneous shear flow, rotating channel flow and rotating pipe flow and the nonlinear
contributions are shown to have a significant effect on the predicted flow characteristics. In cases where the 3D effects are strong,
the approximations of the production to dissipation ratio made in the EARSM formulation for 3D mean flows must be made care-
fully and a 3D mean flow correction is considered. For the rotating pipe flow at the highest rotation rate investigated, the standard
formulation even prevented convergence, while inclusion of the 3D correction gives reasonable results.
� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The endeavour to construct engineering turbulence
models with a high degree of generality is a challenge
of significant importance for the improvement of the
predictive capability of CFD codes. In particular, effects
of strong curvature and rotation represent cornerstone
problems in turbulence modelling. The widely used tra-
ditional two equation models with the Boussinesq
hypothesis are particularly ill suited for these types of
flows since this family of model equations are insensitive
to rotation in the standard formulation.
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The effects of system rotation and/or mean streamline
curvature on the turbulence are of complex nature. One
of the primary effects is the influence on inter-compo-
nent energy transfer, which in turn affects the turbulence
production and can give damping as well as enhance-
ment of the turbulence. In the transport equations for
the Reynolds stress tensor in a rotating system the Cori-
olis force gives rise to redistribution terms, which play a
major role in this context. In differential Reynolds stress
models (DRSM) these terms enter explicitly, while the
redistribution associated with the pressure–strain corre-
lation forms a key issue in the modelling at this level.

The limitations of DRSM to capture the more subtle
effects of rotation were illustrated by e.g. Leuchter and
Cambon (1996) for the case of axisymmetric turbulence
subjected to a combined axial strain and rotation. Gen-
eralizations of the DRSM concept have been studied by
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several authors but are typically more useful for the
study of turbulence dynamics and general properties of
modelling than for engineering type of computations
in complex geometries. An interesting example is the
structure based model of Kassinos et al. (2001), see also
Poroseva et al. (2002). A somewhat similar approach
was studied by Johansson (1995).

A DRSM approach with models nonlinear in the
anisotropy was proposed by Sjögren and Johansson
(2000). The models for the individual terms were con-
structed to ensure realizability at the two-component
limit (e.g. at solid walls). An obvious advantage that this
approach offers is a reduction of the need for ad hoc
wall-damping functions (see also Johansson and Hall-
bäck, 1994). Extensions including terms nonlinear in
the mean velocity gradients were also proposed. These
were shown to extend the capability of the DRSM to
capture more subtle effects of rotation, such as the
damped oscillations of the anisotropy observed in
homogeneous turbulence subject to rotation (Mansour
et al., 1991). This behaviour cannot be captured by a
DRSM using a pressure strain rate model that is linear
in the mean velocity gradients.

Explicit algebraic Reynolds stress models (EARSM)
have attracted much attention during the last decade
and have the advantage that the well established and
well tested codes based on eddy-viscosity two-equation
models can be used with a moderate amount of modifi-
cation. The Boussinesq hypothesis is here replaced by a
relation for the Reynolds stress anisotropy that is ob-
tained from an algebraic approximation of the Reynolds
stress transport equations. In the standard formulation
of an EARSM the advection and diffusion terms in the
transport equation for the Reynolds stress anisotropy
are neglected in an inertial frame of reference. The
underlying models for the individual terms (e.g. pressure
strain rate) have been linear or quasi-linear in order to
obtain solvable systems of equations that give the result-
ing EARSM. Several authors (e.g. Girimaji, 1997, Gat-
ski and Jongen, 2000 and Wallin and Johansson, 2002)
have also proposed EARSM formulations where correc-
tions for mean streamline curvature are included in the
algebraic representation. This can improve the predic-
tive capability of an EARSM in flows where the effect
of curvature and rotation are strong.

Here, we explore the possibility of constructing EAR-
SMs based on pressure strain rate models that include
terms nonlinear in the mean velocity gradients. These
terms were first introduced by Sjögren and Johansson
(2000) and were demonstrated to improve predictions
in rotating flows. Since the new contributions are
only nonlinear in the mean velocity gradients they can
be expected to be relatively easy to include in an
EARSM since they do not introduce any nonlinearities
of the Reynolds stress anisotropy in the implicit rela-
tion. Terms tensorially nonlinear in Reynolds stress
anisotropy are also discussed. They are, however, not in-
cluded in the proposed model.

An EARSM is derived from the transport equation
for the Reynolds stress anisotropy which in a nonrotat-
ing inertial frame of reference reads

K
Daij

Dt
� oT ijl

oxl
� uiuj

K
oT ðKÞ

l

oxl

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

KDðaÞ
ij

¼ � uiuj

K
ðP� eÞ þPij � eij þ Pij ð1Þ

in cartesian tensor notation. D/Dt is the advective deriv-
ative defined as D/Dt = o/ot + Ujo/oxj in cartesian coor-
dinates. T ijl ¼ uiujul þ ðpuidjl þ pujdilÞ=q represents the
total diffusion of the Reynolds stress components. T ðKÞ

l

is the diffusion of the turbulence kinetic energy and is gi-
ven by T ðKÞ

l ¼ T iil=2. The dissipation rate tensor, eij, and
the pressure strain rate tensor, Pij, need to be modelled
while the Reynolds stress production Pij and the turbu-
lence kinetic energy production P can be expressed
explicitly in aij, K and the mean strain and rotation rate
tensors. When normalized with the turbulence time scale
(s = K/e) the latter two read

Sij �
s
2

oUi

oxj
þ oUj

oxi

� 	
; X0

ij �
s
2

oUi

oxj
� oUj

oxi

� 	
ð2Þ

If the flow is subject to rotation, one can, for conve-
nience, express (1) in coordinates relative to the rotating
frame. The transformation to this system gives rise to an
additional contribution from the material derivative.
This is of the form

Cij ¼ aikX
ðsÞ
kj � XðsÞ

ik akj ð3Þ

and is usually referred to as the Coriolis term and should
be added to the right hand side of (1). The system rota-
tion rate tensor, XðsÞ

ij , is defined as XðsÞ
ij ¼ �s�ijkx

ðsÞ
k and

xðsÞ
k denotes the kth component of the constant rotation

rate vector of the system. One must further account for
the fact that the mean velocity (and therefore also the
mean velocity gradient oUi/oxj) is not objective which
means that the rotation rate tensor, due to the fact that
it is antisymmetric, must be replaced by the absolute
rotation rate tensor, Xij, given by

Xij ¼ X0
ij þ XðsÞ

ij ð4Þ

where X0
ij is expressed in coordinates relative to the

rotating system. By applying (4) to the production term,
an additional term identical to Cij in (3) will appear on
the right hand side of (1). This is the origin of the factor
two in the Coriolis term in many publications. The
strain rate tensor, on the other hand, preserves its form
since it is symmetric. For a more thorough discussion on
this, see Gatski and Wallin (2004).

An EARSM is based on the weak equilibrium
assumption, Rodi (1976), which amounts to neglecting
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the advection and diffusion of aij, i.e. the left hand side
of (1). This yields a purely algebraic relation

aþ 2

3
I

� 	
P

e
� 1

� 	
¼ 1

e
ðP � e þ PÞ ð5Þ

in boldface matrix notation in which P=e � �faSg,
where {} denotes the trace and I is the identity matrix.
The production of the Reynolds stresses normalized
with the dissipation rate, can be expressed as

P

e
¼ � 4

3
S� ðaSþ SaÞ þ aX � Xa ð6Þ

The pressure strain rate and dissipation rate anisotropy
(eij = eij/e � 2dij/3) tensors can be lumped together and
modelled, with the nonlinear contributions in addition
to the general quasi-linear model, as

P
e
� e ¼ � 1

2
C0

1 þ C1
1

P

e

� 	
aþ C2Sþ C3

2
ðaSþ Sa

� 2

3
faSgIÞ � C4

2
ðaX � XaÞ þ CXðNX þNSÞ

ð7Þ
where the nonlinear terms are

NX ¼ 1ffiffiffiffiffiffiffiffiffiffi
�IIX

p aX2 þ X2a� 2

3
faX2gI

� 	
ð8Þ

NS ¼ 1ffiffiffiffiffiffi
IIS

p aS2 þ S2a� 2

3
faS2gI

� 	
. ð9Þ

IIX = XijXji and IIS = SijSji are the second invariants of
the rotation and strain rate tensors, respectively. NX and
NS were introduced by Sjögren and Johansson (2000)
and were shown to improve the prediction of effects of
rotation. By using the same model coefficient, CX, for
both NX and NS their total contribution vanishes in par-
allel flows where IIS = �IIX e.g. channel flow and homo-
geneous shear flow.

The modelled transport equation of the Reynolds
stress anisotropy can now be written

s
Da

Dt
� DðaÞ

� 	
¼ A0 A3 þ A4

P

e
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�
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3
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The relations between the A and C-coefficients are

A0 ¼
C4

2
� 1; A1 ¼

3C2 � 4

3A0

A2 ¼
C3 � 2

2A0

; A3 ¼
2� C0

1

2A0

A4 ¼
�C1

1 � 2

2A0

; c ¼ �CX

A0

ð11Þ

After assuming weak equilibrium and hence neglecting
the advection and diffusion (10) can, in analogy with
(5), be written as an algebraic relation
Na ¼ �A1Sþ ðaX � XaÞ

� A2 aSþ Sa� 2

3
faSgI

� 	
þ cðNX þNSÞ ð12Þ

where N ¼ A3 þ A4
P
e .
2. Nonlinear modelling in conjunction with streamline

curvature corrections

By imposing the weak equilibrium assumption in a
curvilinear coordinate system that follows the mean
flow, the advection gives rise to an additional algebraic
term, see Girimaji (1997) and Sjögren (1997) that can
be formulated as

Da

Dt
! �ðaXðrÞ � XðrÞaÞ ð13Þ

The antisymmetric tensor X(r) is a measure of the local
rotation rate following a mean flow streamline. Gener-
ally speaking, (13) will provide a systematic approxima-
tion of the advection if X(r) can be derived in the mean
flow considered, see Girimaji (1997), Gatski and Jongen
(2000) and Wallin and Johansson (2002). In the generic
cases studied here, the curvature correction, (13), will
fully account for the system rotation and hence include
the contribution (3).

The application of the curvature correction leads to
an EARSM formulation that depends on S, X and
X(r), i.e. aij = fij(S,X,X(r)), rather than S and X which
is the case without the curvature correction, see Gatski
and Wallin (2004). However, for a pressure strain rate
model that is linear in X, this implies that the curvature
correction can be included simply by transforming the
absolute rotation rate tensor, X, as

X ! X� ¼ X � s
A0

XðrÞ ð14Þ

This gives an EARSM formulation dependent on two
tensors, S and X*, according to aij = gij(S,X*).

When a pressure strain rate model that is nonlinear in
X is used, the inclusion of NX in our case, the transfor-
mation (14) is not valid, and the EARSM must be for-
mulated in terms of the three tensors mentioned. For
2D mean flows, however, X can be represented by its
strength, which is a scalar property. Thus, X2 = IIXI2/2,
where I2 is the 2 · 2 identity matrix. This implies that
NX ¼ �

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
a for 2D mean flows. Hence, including

NX for 2D mean flows, in principle becomes a matter
of transforming N, see the next section. For 3D mean
flows, on the other hand, the nonlinearity of NX cannot
be represented by a scalar and requires the use of a ten-
sor basis based on the three tensors S, X and X(r). This
is an awkward solution to the problem since the result-
ing EARSM formulation would be very lengthy and of
no practical use. This is further discussed in Section
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3.5. A more tractable procedure is hence needed and by
reformulating NX in terms of X* as

NX
approx ¼

ffiffiffiffiffiffiffiffiffiffi
�IIX

p

�IIX�
aX�2 þ X�2a� 2

3
faX�2gI

� 	
ð15Þ

(12) becomes solvable, in terms of N, for 2D and 3D
mean flows when using the appropriate approximation
of NS for 3D mean flows (see below). Furthermore, the
approximation (15) will in a consistent way reduce to
the exact 2D formulation in case of 2Dmean flows. Also,
when the curvature correction is switched off, (15) re-
duces to its original form, (8). The adequacy of (15) as
an approximation of (8) is discussed in Section 4.3.
3. EARSM formulation

To reach an EARSM formulation, (12) is solved by
expanding the Reynolds stress anisotropy in terms of a
tensor basis derived from the mean velocity gradients
by using the Caley–Hamilton theorem. The algebraically
least complex way to do this is in terms of a 10 element
tensor basis, T(i). The 10 basis tensors can, in fact, be re-
duced to five tensors, but the resulting coefficients will be
extremely lengthy, see Taulbee et al. (1994). Thus, the
Reynolds stress anisotropy is most conveniently ex-
panded as

a ¼
X10
i¼1

biT
ðiÞ ð16Þ

This expansion is then inserted into (12) and solved for
the b-coefficients which can depend on the invariants of
S and X*

IIS ¼ fS2g; IIX� ¼ fX�2g; IIIS ¼ fS3g
IV ¼ fSX�2g; V ¼ fS2X�2g

ð17Þ

The scalar nonlinearity in the unknowns (b-coefficients)
on the left hand side of (12) is addressed by solving a
polynomial equation for N after the b-coefficients have
been determined from the linear set of equations where
N is left as an additional unknown, see Wallin and
Johansson (2000).

It has been shown, see e.g. Taulbee (1992), that for
A2 = 0 and c = 0, (12) maps to five basis tensors for
3D mean flows:

Tð1Þ ¼ S; Tð3Þ ¼ X�2 � 1

3
IIX�I

Tð4Þ ¼ SX� � X�S

Tð6Þ ¼ SX�2 þ X�2S� 2

3
IV I

Tð9Þ ¼ X�SX�2 � X�2SX�

ð18Þ

This is convenient since the model based on a full 10 ten-
sor basis is much more complex, and the behaviour in
terms of singularities is presently not known.
Since we are interested in the curvature corrected
model formulation, X* rather than X will be used in
the basis tensors (18) and the invariants (17).

3.1. EARSM solution for 2D mean flows

In 2D mean flows the nonlinear terms reduce to
NX

approx ¼ NX ¼ �
ffiffiffiffiffiffiffiffiffiffi
�IIX

p
a and NS ¼

ffiffiffiffiffiffi
IIS

p
a, and with

A2 = 0 and c5 0, the EARSM solution maps to T(1)

and T(4). The corresponding b-coefficients are

b1 ¼ � A1N �

N �2 � 2IIX�
; b4 ¼ � A1

N �2 � 2IIX�
ð19Þ

N* is given by the physical solution of the third order
equation

N �3 � A�
3N

�2 � ðA1A4IIS þ 2IIX� ÞN � þ 2A�
3IIX� ¼ 0 ð20Þ

which is the same equation as for the baseline EARSM,
Wallin and Johansson (2000), but with N ! N � ¼
N�cð

ffiffiffiffiffiffi
IIS

p
�

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
Þ and A3!A�

3¼A3�cð
ffiffiffiffiffiffi
IIS

p
�

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
Þ.

Note that it is the inertial IIX that is used for the A�
3

relation. The physical solution of (20) is given by

N � ¼

A�
3

3
þ signðP 1 þ

ffiffiffiffiffi
P 2

p
ÞjðP 1þ

ffiffiffiffiffi
P 2

p
Þj1=3

þsignðP 1�
ffiffiffiffiffi
P 2

p
ÞjP 1�

ffiffiffiffiffi
P 2

p
j1=3; P 2 P 0

A�
3

3
þ 2ðP 2

1� P 2Þ1=6 cos 1
3
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P2
1
�P2

p
� 	� 	

;

P 2 < 0; P 1 P 0

A�
3

3
þ 2ðP 2

1� P 2Þ1=6 cos � 1
3
arccos �P1ffiffiffiffiffiffiffiffiffiffi

P2
1
�P 2

p
� 	

þ p
3

� 	
;

P 2 < 0; P 1 < 0

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð21Þ
where

P 1 ¼
A�2
3

27
þ A1A4

6
IIS �

2

3
IIX�

� 	
A�
3 ð22Þ

P 2 ¼ P 2
1 �

A�2
3

9
þ A1A4

3
IIS þ

2

3
IIX�

� 	3

ð23Þ

Negative values of P1 must be considered in the solution
for N* due to the fact that A�

3 can attain negative values
since signðA�

3Þ ¼ signðP 1Þ according to (22). This means
that N* has the possibility to become negative. This
should in general be avoided since it for 2D mean flows
directly corresponds to having a negative production to
dissipation rate, P=e � �faSg ¼ �b1IIS since b1 > 0 for
N* < 0 according to (19). The easiest way to avoid this is
to impose a lower limit to N* such that N* ! max(N*,0).

When P2 < 0 this limit will not be activated since the
N*-solution, (21), cannot attain negative values. This
can be seen from the third row of (21). A negative N*

can, as pointed out above, only happen if A�
3 and hence

P1 are negative. The cos-function will then return values
>0.5. Furthermore, from (22) it is clear that
jP 1j P jA�3

3 j=27. Assuming A�
3 < 0 (P1 < 0) and P2 < 0,

this implies that



736 O. Grundestam et al. / Int. J. Heat and Fluid Flow 26 (2005) 732–745
N � ¼ A�
3

3
þ 2ðP 2

1 � P 2Þ1=6 cosð� � �Þ >
A�
3

3
þ 2ðP 2

1Þ
1=6 1

2

P � jA�
3j
3

þ jA�
3j
6

272

 !1=6

¼ 0. ð24Þ

In other words, N* > 0 in the whole parameter region
P2 < 0.

When P2 P 0, on the other hand, putting zero as the
lower limit on N*, directly corresponds to implying a
zero lower limit to A�

3.
Negative production is not feasible in algebraic Rey-

nolds stress modelling, although it is physically possible.
A lower limit on N* is indeed ad hoc, but is needed in
order to avoid numerical problems in the iteration pro-
cedure. The parameter regime where the limit is active is
associated with vanishing or negative production. The
weak equilibrium assumption is not valid here and a
limit in order to avoid spurious solutions can be justi-
fied. Moreover, this parameter regime is rarely reached
and it should be pointed out that it is not present in
the test cases discussed below.
3.2. EARSM solution for 3D mean flows

For 3D mean flows the representation of the nonlin-
ear tensor NS in the five element basis (18) is extremely
complex (see Appendix A). In order to eliminate this
problem NS can be approximated with its exact expres-
sion in 2D mean flows, NS

2D ¼
ffiffiffiffiffiffi
IIS

p
a. This approxima-

tion is further discussed in Section 4.3.
With A2 = 0, NS ¼

ffiffiffiffiffiffi
IIS

p
a and the addition of the

nonlinear contribution NX in (15) the corresponding
EARSM coefficients become

b1 ¼A1ðN �c2IIX þ8cIIX�
ffiffiffiffiffiffiffiffiffiffi
�IIX

p
�14N �IIX� þ4N �3Þ=ðQ1Q2Þ

b3 ¼ 4IVA1ð2c2IIXN �2þc3N �ð�IIXÞ3=2�18II2X�

þ18cN � ffiffiffiffiffiffiffiffiffiffi
�IIX

p
IIX� þ7c2IIX�IIXÞ

=ðII2X� ð2c
ffiffiffiffiffiffiffiffiffiffi
�IIX

p
�3N �ÞQ1Q2Þ

b4 ¼ 4A1=Q1

b6 ¼�2A1ðN �c2IIX þ4cIIX�
ffiffiffiffiffiffiffiffiffiffi
�IIX

p

þ2N �2c
ffiffiffiffiffiffiffiffiffiffi
�IIX

p
�6N �IIX� Þ=ðIIX�Q1Q2Þ

b9 ¼ 2A1ð4cN � ffiffiffiffiffiffiffiffiffiffi
�IIX

p
þ c2IIX �6IIX� Þ=ðIIX�Q1Q2Þ ð25Þ

where

Q1 ¼ �ð2N � � c
ffiffiffiffiffiffiffiffiffiffi
�IIX

p
Þ2 þ 2IIX�

Q2 ¼ N �2 � 2IIX�
ð26Þ

The equation for N* for 3D mean flows is a very
lengthy sixth order equation that will not be given here.
This equation is of little practical use. Here we instead us
the cubic equation (20) for both 2D and 3D mean flows.
Improvements of N* are discussed in Section 4.3.
3.3. The inclusion of terms nonlinear in the Reynolds

stress anisotropy

We also made an attempt of including a term, G,
nonlinear in the Reynolds stress anisotropy tensor in
the pressure strain rate model (7). G = a2X � Xa2 is
one of the terms in the most general model linear in S
and X (see e.g. Johansson and Hallbäck, 1994). For
2D mean flows the inclusion of G in the pressure strain
rate model will not change the EARSM solution if
A2 = 0. This can be explained by the fact that for the
particular choice of A2 = 0, the normal anisotropy com-
ponent in the third direction vanishes in 2D mean flows,
and thus, also G vanishes. For 3D mean flows the con-
tribution of G does not vanish in general. This is inde-
pendent of the A2-coefficient. Instead the nonlinear
nature of the term gives an ARSM-relation which con-
sists of a system of coupled quadratic equations in the
five unknowns. The complexity of the system of equa-
tion leaves very little hope of finding an analytical solu-
tion. Thus, the problem will not be further discussed
here.

The widely used SSG-model proposed by Speziale
et al. (1991) contains the term Ga2 ¼ a2 � 1

3
IIaI. The

inclusion of this term gives an ARSM relation which
consists of a system of nonlinear equations. For 2D
mean flows, this term can, in principal, be included in
an EARSM approach. Three basis tensors are needed
since a2 directly maps to T(2) when T(1) is squared. The
nonlinear dependency between the b-coefficients can be
reduced to a fourth order polynomial equation for one
of the b-coefficients. Although this can be solved analyt-
ically, the solution will be lengthy and the problem of
finding the correct root of the equation forN is not easily
solved. Therefore, no further work on this is presented
here. For 3D mean flows, the inclusion of Ga2 gives an
ARSM-relation which constitutes a system of nonlinear
equation to which no analytical solution can be found.

3.4. Recalibration of A0

In the basic curvature corrected model by Wallin and
Johansson (2002), WJ-EARSM, the A0-coefficient was
calibrated considering homogeneous rotating shear. By
arguing that the model should be neutrally stable for
rotation number Ro = 1/2, where Ro � xðrÞ

z =ðdU=dyÞ,
the value A0 = �0.72 was obtained (see Wallin and
Johansson, 2002 for details). Since we are adding addi-
tional terms, NX and NS, that contribute in rotating
flows, the value of A0 needs to be recalibrated in order
to preserve neutral stability for Ro = 1/2.

Wallin and Johansson (2002) obtained the A0-value
by considering the standard K–e platform (see Appendix
B) with parameter values Ce1 = 1.44 and Ce2 = 1.83. A
perhaps more natural choice would be to calibrate the
model against the standard K–x platform, Wilcox
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(1988), since it is used in all wall bounded test cases of
this work. This is however a choice, and not a neces-
sity. The standard K–x platform parameter values are
a = 5/9, b = 3/40 and b* = 0.09. For homogeneous
flows this is equivalent to a K–e platform with the
parameters, Ce1 = a + 1 = 1.56 and Ce2 = b/b* + 1 =
1.83. The corresponding value for the WJ-EARSM is
A0 = �0.70. The authors feel that this can be considered
as an alternative calibration of A0.

For the present model, an analytical relation for the
model coefficients cannot be derived, as was done by
Wallin and Johansson for the basic model without the
nonlinear terms. Instead, the A0-coefficient was adjusted
such that the computed turbulent kinetic energy initially
will evolve as for the WJ-EARSM with A0 = �0.70 to-
gether with the standard K–x platform. That resulted
in A0 = �0.9 which is used in the following. The com-
puted evaluation of K for the neutrally stable case used
for the calibration is shown in Fig. 1c.

3.5. Remark on alternative projection methods

One can argue that the choice of the approximation
of the NX term given by (15) is not unique and some-
what ad hoc. A formally more correct way of obtaining
an expression for NX in terms of the S and X* tensors,
would be to project it onto the tensor basis (18) using
the procedure outlined by for instance Jongen and Gat-
ski (1998). This procedure which is based on the least
Fig. 1. Rotating homogeneous shear flow, dU/dy = 3.4. Proposed model
simulation (LES) by Bardina et al. (1983) (s).
square method, provides a formal way of representing
a tensor in terms of any appropriate tensor basis. It is
not only possible to exactly solve (5) by using a complete
tensor basis, but also to directly project the solution on
an incomplete tensor basis. This new representation
would be the optimal in a least square sense.

If we let the representation of NX be denoted by NX
P

then it is guaranteed that kNX �NX
P k is minimal where

the norm k Ækis defined as

kXk2 � XmnXmn ð27Þ

and for a symmetric tensor kXk2 ¼ fX2g holds. The
expression for NX

P becomes

NX
P ¼

X
i¼1;3;4;6;9

ai

a0

TðiÞ ð28Þ

and where ai = det(D(i)) and D(i) are 5 · 5 matrices given
by

DðiÞ
kl ¼ fTðlÞTðkÞg; l 6¼ i

fNXTkg; l ¼ i

(
ð29Þ

Since the five-term basis (18) is complete, NX will be ex-
actly represented by NX

P . The amount of algebra gener-
ated with this approach is extensive. For instance, a0
will be a polynomial of the invariants of {S,X*} while
ai i5 0 would be polynomials of traces of tensor prod-
ucts of {a,S,X,X*} (see Appendix A for details). The
numerical behaviour of the as may therefore be very dif-
(- �), WJ-EARSM (—), eddy-visc (� � �) compared to the large eddy



738 O. Grundestam et al. / Int. J. Heat and Fluid Flow 26 (2005) 732–745
ficult to handle in terms of singularities. Moreover, since
the a-coefficients will be functions of the different invar-
iants involving the anisotropy, the equation for N will
not be retained.

The same procedure can of course be applied to NS,
(9). Although the algebra here will be somewhat simpli-
fied since X does not have to be dealt with, the final
form of the EARSM will be extremely lengthy and of
limited practical use (see Appendix A).

To reduce the complexity, an incomplete tensor basis
using fewer elements can be used. The representation
would although not being exact, be optimal in a least
square sense, see Appendix A for details. However, by
using an incomplete basis the final expression will be
dependent in the choice of the tensor basis. Moreover,
there is also a certain degree of freedom in the definition
of the norm. In all, this will prevent us from reaching the
original goal of eliminating as many ad hoc assumptions
or approximations as possible.
4. Test cases

The proposed model has been tested for three generic
flows: rotating homogeneous shear flow and rotating
channel flow with 2D mean flows and rotating pipe flow
where the mean flow is 3D. Comparisons have been
made with LES by Bardina et al. (1983) for the rotating
homogenous shear flow, DNS by Alvelius (1999) for the
channel flow and experimental data by Imao et al.
(1996) for the rotating pipe flow.

The curvature correction was used in all computations
implying the appropriate use of X*, as defined in (14).
For the proposed EARSM, the model parameters were
A0 = �0.9 and CX = 0.5 as proposed by Sjögren and
Johansson (2000), which yields c = �CX/A0 = 0.56. Fur-
thermore A1 = 1.20, A2 = 0, A3 = 1.80 and A4 = 2.25,
see Wallin and Johansson (2002). The WJ-EARSM cor-
responds to c = 0 and A0 = �0.72 as originally proposed
by Wallin and Johansson (2002) except for the rotating
homogeneous rotating shear flow case where A0 =
�0.70 has been used for calibration purposes as dis-
cussed in Section 3.4. It should further be pointed out
that rotating channel and rotating pipe flow have been
computed using WJ-EARSM with both A0 = �0.70
and �0.72. The differences were, however, unsigni-
ficant.

The diffusion model proposed by Daly and Harlow
(1970) has been used to model the diffusion of the quan-
tities in the platform equations, see Appendix B for
details.

4.1. 2D mean flow: homogeneous rotating shear flow

Homogenous rotating shear was computed for three
different rotation numbers Ro � xðrÞ

z =ðdU=dyÞ of 1/4,
1/2 and �1/2 using the K–e platform together with the
proposed model, the WJ-EARSM and an eddy viscosity
model. For details on the K and e equations, see Appen-
dix B. Note, however, that for this homogeneous flow
case, the K–e and K–x two-equation platforms are
equivalent.

Fig. 1a shows the development of the turbulence ki-
netic energy for the most energetic case, Ro = 1/4. As
can be seen the inclusion of the nonlinear terms in-
creases the growth rate. K is, however, still underpre-
dicted compared to the long time behaviour of the
Bardina LES. The stable case with Ro = �1/2 is shown
in Fig. 1b. Predictions of both the WJ-EARSM and the
proposed model agree well with the Bardina LES data.
The neutrally stable case of Ro = 1/2 is shown in
Fig. 1c. The change in the turbulence kinetic energy is
small and the agreement with the Bardina LES good,
as expected, since the A0-coefficient was calibrated for
capturing the neutrally stable case.

4.2. 2D mean flows: fully developed rotating channel flow

The second 2D mean flow test case is a fully devel-
oped rotating channel flow. The channel coordinate sys-
tem {ex,ey,ez} is rotating with the rate xðrÞ

z in the ez
direction. Computations were performed for two differ-
ent rotation numbers, Ro � 2xðrÞ

z d=Um, Ro = 0.43 and
Ro = 0.77, see Fig. 2. The Reynolds number for the
computation was Res � usd/m = 180 where d is the half
channel width and u2s ¼ ððussÞ

2 þ ðuus Þ
2Þ=2 where uss and

uus are the stable and unstable side friction velocities,
respectively. Comparisons were made with the DNS
data by Alvelius and the WJ-EARSM. The K–x plat-
form, see Appendix B, was used for both models.

The predictions of U+ with the proposed model are
somewhat improved, but still overestimated, see
Fig. 2a and b. This effect is more prominent for the high-
er rotation number. The predictions of uvþ are almost
unaffected, Fig. 2b. Both models lack the ability to cor-
rectly capture the small amount of positive shear stress
on the stable side of the uvþ profile. A small amount
of positive uvþ is predicted by both EARSMs for
Ro = 0.43. The proposed model is somewhat closer to
the DNS data. This effect is very small however.

The shortcomings of the near wall predictions of both
models can to some extent be expected to depend on the
choice of near-wall treatment in the EARSM and the
platform equations. The high-Re form of the K–x model
is well known to give a too low value of the near wall
peak of e.g. K.

4.3. 3D mean flows: rotating pipe flow

Fully developed flow in a circular pipe rotating around
its symmetry axis is a suitable test case since it represents
a three-dimensional mean flow that is dependent on only



Fig. 2. Predicted velocity (upper) and turbulent shear stress (lower) of rotating channel flow for Res = 180 at Ro = 0.43 (left), Ro = 0.77 (right).
Proposed EARSM (- �), WJ-EARSM (—) compared to DNS data by Alvelius (�).
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one spatial coordinate, r. For a laminar rotating flow the
tangential velocity, Uh, varies linearly with the radius, r,
while in case of turbulenceUh has a parabola-like profile.
This is indicated by the form of the integrated Reynolds
equation in the tangential direction

U hðrÞ ¼ U hðRÞ
r
R
� r

m

Z R

r

Karh

r0
dr0 ð30Þ

where the first term corresponds to the linear variation
with r and the second terms forces the Uh-profile to a
parabola-like shape through arh. Eddy-viscosity models
as well as quadratic EARSMs (2D truncations) are un-
able to describe this phenomenon. Actually, a fully
three-dimensional EARSM containing cubic terms is
needed.

The proposed model has been used to compute rotat-
ing pipe flow at Reynolds number 20,000, based on the
axial bulk velocity and the pipe diameter. Three different
rotation rates were used, Z = 0, 0.5 and 1 where
Z = Uh(R)/Um, i.e. the wall tangential velocity divided
by the axial bulk velocity. For Ro = 1, the proposed
model had convergence problems. Comparisons are
made with the WJ-EARSM and the K–x model was
used as model platform, see Appendix B.

To achieve convergence, a correction to N* had to be
applied. The correction provides a systematic improve-
ment of the approximation of N* for 3D mean flows
and was derived by Wallin and Johansson (2000) and
is described in the section below. This gives an indica-
tion on that the convergence problems for Z = 1 is
due to the approximation of N*. An observation that
strengthens this argument is that if IIX is changed to
IIX� in the expression for A�

3, convergence is also
reached. The latter is of course somewhat ad hoc. But
it still demonstrates that the approximation of N* plays
a determining role. For completeness, computations
have been performed with and without the 3D correc-
tion of N* for all the rotation rates.

Figs. 3 and 4 show the computed axial velocities com-
pared with experimental data. For Z = 0, Fig. 3, both
models predict a Uz that is somewhat too flat in the cen-
ter of the pipe compared to the experimental data. This
is due to the neglection of diffusion in the EARSM
approximation, Wallin and Johansson (2000). For
Z = 0.5, Fig. 4, the nonlinear terms have a positive effect
on the predictions and the proposed model is in some-
what better agreement with the experimental data than
the WJ-EARSM. Although the influence of the N-cor-
rection is small for this rotation number, it slightly im-
proves the predictions of the WJ-EARSM. The
proposed model, on the other hand, performs slightly
worse with the correction applied. For Z = 1, Fig. 4,
the WJ-EARSM is radically improved when the N*-cor-
rection is applied. The proposed model (with correction)
predicts an axial velocity that is somewhat too large in
the center of the pipe. The shape of the profile is
however better than that of the WJ-EARSM (with
correction).



Fig. 4. Computed rotating pipe flow for Z = 0.5 (left) and Z = 1 (right). Proposed EARSM with (—) and without (––) (Ncorr), WJ-EARSM with (- �)
and without (� � �) (Ncorr). Experimental data by Imao et al. (symbols).

Fig. 3. Computed nonrotating pipe flow. Proposed EARSM and WJ-EARSM (—) (coinciding) compared to experimental data by Imao et al. (�).
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The tangential velocity profiles are shown in Fig. 4
(middle). For Z = 0.5, the proposed model clearly shows
an improvement over the WJ-EARSM when the N*-cor-
rection is not applied and the predicted Uh agrees well
with the experiments. With the correction applied the
shape of the Uh-profile is somewhat better with the pro-
posed model. The overall deviation from solid body
rotation is basically the same though. For Z = 1, the
proposed model is too flat and the corrected and non-
corrected forms of the WJ-EARSM closely resemble
each other and agree well with the experiments.

The model predictions of the turbulence kinetic en-
ergy are compared with the experiment. Generally, the
peak in K close to the wall is somewhat too small and
too far from the wall. This can, to some extent, be attrib-
uted to the near wall treatment in the model platform.
Furthermore, the turbulence level in the center of the
pipe overpredicted for all tested models and rotation
rates. The proposed model generally predicts higher tur-
bulence levels than the WJ-EARSM. The N*-correction
also raises the turbulence levels, especially for Z = 1.
4.3.1. Achieving convergence for Z = 1

The convergence problems of the proposed model for
Z = 1 are likely to depend on the use of the 2D mean
flow form of N* which means that the P=e that corre-
sponds to the 2D form of N* is not fully consistent with
the P=e evaluated from the predicted anisotropy. The
effects of a 3D mean flow become stronger with increas-
ing rotation as pointed out above. This can, however, be
overcome by applying a correction derived by Wallin
and Johansson (2000). The idea is to do a linear extrap-
olation from the 2D mean N*-solution for 3D mean
flows. This is done by perturbing the IV and V invari-
ants around the two-dimensional solution, that is
IV ¼

ffiffiffiffiffi
/1

p
and V ¼ IISIIX� þ /2, assuming that /1 and

/2 are independent. /1 and /2 are zero in 2D mean
flows. Using the correction implies that N*, (21), in the
b-coefficients is replaced by N3d according to

N � ) N 3D ¼ N � þ N corr ð31Þ
Fig. 5. EX (left) and ES (right) for
where

N corr ¼
162ð/1 þ /2N

�2Þ
D

ð32Þ

and D is the denominator given by

D ¼ 20N �4 N � � 1

2
A�
3

� 	
� IIX� ð10N �3 þ 15A�

3N
�2Þ

þ 10A�
3II

2
X� ð33Þ

D can be shown to be strictly positive and hence the cor-
rection should not add any numerical difficulties in
terms of singularities, see Wallin and Johansson (2000).

The same procedure used by Wallin and Johansson
(2000) for deriving the correction (31), can in principle
also be applied to the proposed model to derive the cor-
responding correction for 3D mean flows. It turns out
however that this is not a feasible approach since the
governing sixth order equation for N* is very complex.
In this sense the correction is not a strict mathematic off-
spring of the sixth order equation for N*. But still, it
should be recognized as systematic improvement of the
evaluation of N* due to the fact that it is formally de-
rived from the parent model of the proposed EARSM.

4.3.2. The approximations of NX and NS

Although being exact for 2D mean flows, the approx-
imations of the nonlinear terms (8) and (9), NX

approx and
NS

2D respectively, are still only approximations in 3D
mean flows. A natural way to quantify how large the dif-
ferences are between the original forms and the approx-
imations, is to study the normalized square root of the
error defined by

Ex ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðNx �Nx

approxÞ
2g

fNx2g

s
ð34Þ

Note that NS
approx ¼ NS

2D. Both Nx and Nx
approx are evalu-

ated from a given solution. This provides an invariant
scalar measure of the difference or error between the ten-
sor x and its approximation. It is necessary to take the
square since these terms are part of the pressure strain
modelling and hence are traceless. This is also in general
Z = 0.5 (—) and Z = 1 (- �).
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agreement with the concept of studying least squares in
Appendix A.

In Fig. 5, EX and ES are shown for Z = 0.5 and Z = 1
using the mean flow, K and x-values of the WJ-EARSM
in conjunction with the N-correction. For Z = 0, the
approximations are exact, as discussed earlier, and no
differences occur. As an approximation NX

approx performs
significantly better than NS

2D, especially for the case with
higher rotation. This should be expected since NS

2D is the
2D mean flow form of NS. One should keep in mind,
however, that the largest values (P50% of the maximum
value) of NS are attained in the region 0.4 6 r 6 0.9. In
the center of the pipe, NS is zero, simply because of a
zero mean velocity gradient. Therefore, the effect of
the relatively high values of ES in center of the pipe
should not be overestimated.
5. Concluding remarks

The differential Reynolds stress model by Sjögren and
Johansson (2000), SJ-DRSM, was derived by permitting
tensor terms, nonlinear in the anisotropy, in the model-
ling of the rapid pressure strain. In this way, sufficient
degree of freedom was obtained in order to impose con-
straints, such as realizability and correct behaviour in
the rapid distortion limit. Including these terms in a
DRSM is fairly straight forward. For an EARSM, on
the other hand, the nonlinearities lead to systems of
nonlinear equations which might have different proper-
ties for 2D and 3D mean flows. For instance,
G = a2X � Xa2 have been shown to vanish for 2D mean
flows for the specific choice of A2 = 0, while for 3D
mean flows a system of nonlinear equations is obtained.
No general way of including terms nonlinear in the
anisotropy into an EARSM framework could be found.

Sjögren and Johansson also proposed terms, NX and
NS, linear in the Reynolds stress anisotropy tensor with
a quadratic tensorial dependence on the mean velocity
gradients. These terms were chosen in order to improve
the predictions of a number of rotating flows and se-
lected on a somewhat ad hoc and less formal basis. Still,
they were shown to have significant effect on the predic-
tions of a number of rotating flows. From an EARSM
point of view, these contributions are more appealing
since they are linear in the Reynolds stress anisotropy,
and hence, preserves the quasi-linearity of the ARSM
equation.

Although NX and NS can be included in a formally
correct way, the representations of NX and NS in terms
of the five element tensor basis (18) are very lengthy and
the solution to the ARSM equation for 3D mean flows
are too complicated to be of practical importance. For
2D mean flows the new terms can be fully accounted
for since they merely give a change of the model coeffi-
cient A3. Different approximations of NX and NS have
been considered, that are consistent with the original
form in 2D mean flows, but where the complexity
in 3D mean flows is reduced. The suggested appro-
ximations provide formulations that can be easily
incorporated in a consistent EARSM formulated in
conjunction with curvature corrections derived from
the advection of the Reynolds stress anisotropy. The full
3D representation, although it contains approximations,
is important for capturing secondary flows generated by
the Reynolds stress anisotropy. Judging from the discus-
sion in Section 4.3.2, one can argue that the errors of
these approximations are relatively large, especially in
flows where the effects of a 3D mean flow are strong.
This seems, however, to be inevitable if the effects of ten-
sorial nonlinear modelling based on the mean velocity
gradients are to be included in a relatively com-
pact EARSM formulation based on a complete tensor
basis.

The proposed model has been tested for a number of
generic flows where the effects of rotation are strong.
For the 2D mean flow cases, homogeneous rotating
shear and rotating channel flow, an over all improve-
ment can be seen. For the rotating channel, however,
the improvements are very small and not universal.
For the rotating pipe case, the mean velocity profiles
are in good qualitative agreement with experimental
data. The nonlinear contributions have been shown to
have a positive contribution to the overall shape of the
mean axial velocity which is important from an engi-
neering point of view. The predicted mean azimuthal
velocity profile is somewhat flatter for the proposed
model than for the WJ-EARSM. This implies good
agreement with the experiments for Z = 0.5. For
Z = 1, the profile is too flat. The turbulence intensities
are generally overpredicted compared to experiments
and significantly higher than for the WJ-EARSM for
the case with highest rotation. The convergence problem
occurring for this model for Z = 1, have been demon-
strated to be related to the approximation of N. This
can, however, be overcome by adding a correction to
N. In a separate work, the proposed model was imple-
mented in a ‘‘production’’ CFD code and shown to give
good predictions and to be robust when applied to e.g.
high-lift aerodynamics applications for both 2D and
3D mean flows.
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Appendix A. Projections of NX and NS onto a five element

tensor basis

While the suggested approximation of NX, (15), is
consistent for 2D and 3D mean flows and can easily
be incorporated in EARSM formulated in terms of the
five element tensor basis (18), it is somewhat ad hoc
and its uniqueness not guaranteed. A formally more cor-
rect procedure would be to represent NX in terms of the
chosen tensor basis in such a way that the difference be-
tween the representation, NX

r say, and NX is minimal.
Such a formulation can be achieved by minimizing
kNX �NX

r k in a least square sense using the norm k Æk.
However, one needs to be aware of the fact that for this
method there is a certain degree of freedom, like the
choice of tensor basis and the definition of the norm.

This procedure has been used earlier by for instance
Jongen and Gatski (1998), see also Gatski and Jongen
(2000), to derive representations of tensors in terms of
a given tensor basis, but also to derive explicit algebraic
Reynolds stress models from the ARSM relation (5).
The approach described is attractive in the sense that
it provides a formal way to represent any tensor in terms
of an appropriate tensor basis. Below, the essential steps
of the procedure will be described briefly and then the
corresponding representation of NX and NS in the five
element basis will be shown. For a more thorough dis-
cussion on the above procedure and related topics see,
for instance, Jongen and Gatski (1998) or Gatski and
Jongen (2000).

Assuming that we have N linearly independent basis
tensors {T(1), . . .,T(N)} the representation of NX is ex-
pressed as

NX
r ¼

XN
n¼1

cX
nT

ðnÞ ð35Þ

Using a norm defined as

kXk2 � XmnXmn ¼ fX2g ð36Þ

where X is a symmetric tensor, minimizing kNX �NX
r k

2

corresponds to minimizing
EðcX
1 ; . . . ; c

X
N Þ ¼ kNX �NX

r k
2

¼ kNXk2 þ
XN
n¼1

XN
m¼1

cX
n c

X
mfTðnÞTðmÞg

� 2
XN
N¼1

cX
n fNXTðnÞg ð37Þ

with respect to fcX
1 ; . . . ; c

X
Ng. This gives

oE
ocX

m

¼ 0 ¼ 2
XN
n¼1

cX
n fTðnÞTðmÞg � 2fNXTðmÞg;

m ¼ 1; . . . ;N ð38Þ
)
XN
n¼1

cX
n fTðnÞTðmÞg ¼ fNXTðmÞg;

m ¼ 1; . . . ;N ð39Þ

which is a system of N linear equations in the unknowns
fcX

1 ; . . . ; c
X
Ng. Note here that cX

i corresponds to ai/a0 in
(28) where {ai} are computed using Cramer�s rule.

In our case we would like to represent NX in terms of
the five element tensor basis

Tð1Þ ¼ S; Tð2Þ ¼ X�2 � 1

3
IIX�I;

Tð3Þ ¼ SX� � X�S;

Tð4Þ ¼ SX�2 þ X�2S� 2

3
IV I;

Tð5Þ ¼ X�SX�2 � X�2SX� ð40Þ

Note here that (40) corresponds to (18), but with the
numbers changed in order to match (35). Since (40) is
complete it follows that NX

r ¼ NX. Solving (39) for
fcX

1 ; . . . ; c
X
Ng, using

NX ¼ 1ffiffiffiffiffiffiffiffiffiffi
�IIX

p aX2 þ X2a� 2

3
IaX2I

� 	
ð41Þ

and the tensor basis (40), the following coefficients are
achieved

cX
1 ¼ 2ð�6V IaX2SII

3
X� þ4V II2X� IaX2X�2Sþ4V II2X� IaX2SX�2

�12V II2X� IV IaX�2 þ28V IaX2X�2 IV IIX� þ IaX2SIISII
4
X�

þ2IaX�2 IV IISII3X� �6IaX2X�2 IV IISII2X�

�4IIX� IaX2X�2SIV
2�4IIX� IaX2SX�2 IV 2

þ8IaX2X�2 IV 3Þ=Q1Q2

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
ð42Þ

cX
2 ¼ 4ð�8V 2IaX�2 IIX� þ24V 2IaX2X�2 þ6V IISIaX�2 II2X�

�18V IIX� IISIaX2X�2 þ14V IIX� IV IaX2S�12V IV IaX2SX�2

þ8V IV 2IaX�2 �12V IV IaX2X�2S� IaX�2 II2SII
3
X�

�3II2X� IV IaX2SIIS þ3II2X� IaX2X�2 II2S
þ2IIX� IISIaX2SX�2 IV þ2IIX� IISIaX2X�2SIV

�4IISIaX2X�2 IV 2þ4IaX2SIV
3Þ=Q1Q2

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
ð43Þ

cX
3 ¼ 2ðIIX� IaX2SX� � IIX� IaX2X�Sþ2IaX2X�SX�2

�2IaX2X�2SX� Þ=Q2

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
ð44Þ

cX
4 ¼�4ð�2V IaX2SII

2
X� �4V IV IaX�2 IIX� þ12V IV IaX2X�2

þ II2X� IISIaX2X�2Sþ II2X� IISIaX2SX�2 �2IIX� IISIV IaX2X�2

þ2IIX� IV 2IaX2Sþ4IV 3IaX�2 �6IV 2IaX2X�2S

�6IV 2IaX2SX�2Þ=Q1Q2

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
ð45Þ

cX
5 ¼ 4ð�4IIX�V IaX2X�Sþ4IIX�V IaX2SX� þ6V IaX2X�SX�2

�6V IaX2X�2SX� � II2X� IISIaX2SX� þ II2X� IISIaX2X�S

� IISIIX� IaX2X�SX�2 þ IISIIX� IaX2X�2SX� �2IV 2IaX2X�S

þ2IV 2IaX2SX� Þ=Q1Q2

ffiffiffiffiffiffiffiffiffiffi
�IIX

p
ð46Þ
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where

Q1 ¼ 2IV 2 þ 4IIX�V � II2X�IISQ2

¼ �II2X� IIS þ 4IV 2 þ 2IIX�V ð47Þ

IX means the trace of the tensor X.
Applying the same procedure to

NS ¼
1ffiffiffiffiffiffi
IIS

p aS2 þ S2a� 2

3
IaS2I

� 	
ð48Þ

gives the corresponding representation coefficients

cS1 ¼�ð18V IISIaSII3X� þ72V II2X�IV IaS2 �24V II2X�IaS2X�2S

�12V II2X� IISIaSX�2 �8V II2X�IIISIaX�2

�168V IaS2X�2 IV IIX� �3II2SIaSII
4
X� �12IaS2IV IISII3X�

þ36IaS2X�2 IV IISII2X� þ8IIX� IIISIaX�2IV 2

þ12IIX�IISIaSX�2 IV 2þ24IIX� IaS2X�2SIV
2

�48IaS2X�2 IV 3Þ=3Q1Q2

ffiffiffiffiffiffi
IIS

p
ð49Þ

cS2 ¼ 2ð�48V 2IIX�IaS2 þ144V 2IaS2X�2 þ36V IISIaS2II
2
X�

�108V IIX� IISIaS2X�2 þ42V IIX�IV IISIaSþ48V IV 2IaS2

�36V IV IISIaSX�2 �72V IV IaS2X�2S�24V IV IIISIaX�2

�6IaS2 II
2
SII

3
X� �9II2X�IV II2SIaSþ18II2X�IaS2X�2 II2S

þ12IIX�IISIaS2X�2SIV þ6IIX� II2SIaSX�2 IV

þ4IIX�IISIIISIaX�2 IV �24IISIaS2X�2IV 2

þ12IISIaSIV 3Þ=3Q1Q2

ffiffiffiffiffiffi
IIS

p
ð50Þ

cS3 ¼ðIIX�IISIaSX� �2IIX�IaS2X�Sþ4IaS2X�SX�2

�4IaS2X�2SX� Þ=Q2

ffiffiffiffiffiffi
IIS

p
ð51Þ

cS4 ¼ 2ð6V IISIaSII2X� þ24V IV IaS2IIX� �72V IaS2X�2IV

�3II2X�II2SIaSX�2 �6II2X�IISIaS2X�2S�2II2X� IISIIISIaX�2

�6IIX�IISIaSIV 2þ12IIX� IaS2X�2 IV IIS þ36IaS2X�2SIV
2

þ18IISIaSX�2 IV 2�24IaS2 IV
3

þ12IIISIaX�2IV 2Þ=3Q1Q2

ffiffiffiffiffiffi
IIS

p
ð52Þ

cS5 ¼ 2ð4IISIaSX� IIX�V �8IaS2X�SIIX�V þ12V IaS2X�SX�2

�12V IaS2X�2SX� þ2IaS2X�SII
2
X� IIS � II2SIaSX� II2X�

þ2IIX�IISIaS2X�2SX� �2IIX� IISIaS2X�SX�2

þ2IISIaSX�IV 2�4IaS2X�SIV
2Þ=Q1Q2

ffiffiffiffiffiffi
IIS

p
ð53Þ

In order to derive the EARSM using projected NX

and NS, as given above, the invariants I first have to
be calculated by inserting a expressed in (40). Since the
different cSi and cX

i coefficients are linear in a, the corre-
sponding ARSM system of equations will remain linear
(except for the IaS nonlinearity) and may be solved.
However, the algebra is significantly more complex than
in the original EARSM. The alternative is to use the
projection approach on the ARSM equation directly.
This would of course lead to the same result.
Appendix B. EARSM platform equations

For the homogeneous rotating shear flow computa-
tions, the two equation platform used consists of the
standard equations for the turbulence kinetic energy,
K, and its dissipation, e,

dK
dt

¼ P� e ð54Þ

de
dt

¼ e
K
ðCe1P� Ce2eÞ ð55Þ

where the diffusion has been neglected since the flow is
homogeneous. The production of K is given by

P ¼ �eaijSji ð56Þ

in which aij is the Reynolds stress anisotropy and Sij is
defined as in (2). The model parameters are Ce1 = 1.56
and Ce2 = 1.83, which makes the K–e platform equiva-
lent to the K–x platform for homogeneous flows.

For the computations of rotating channel and pipe
flow, the standard K–x platform was used. The govern-
ing equations can be written

oK
ot

¼ P� b�xK þ o

oxi
m þ cs

K
e
uiuj

� 	
oK
oxj

� 	
ð57Þ

ox
ot

¼ a
x
K
P� bx2 þ o

oxi
m þ cse

K
e
uiuj

� 	
ox
oxj

� 	
ð58Þ

cs = 0.1 and cse = 0.09 are the diffusion model parame-
ters. The parameter values were achieved by considering
the log-layer of channel flow and to approximately
match the corresponding eddy-viscosity diffusion mod-
els in the Wilcox (1988) K–x model.

P is given by (56) and the dissipation rate of the tur-
bulence kinetic energy is related to K and x as

e � b�xK ð59Þ
The only near wall treatment used is a lower limit of the
turbulence timescale

s ¼ max
K
e
;Cs

ffiffiffi
m
e

r� 	
ð60Þ

This was proposed by Durbin (1993) and is just the
usual timescale with a lower bound given by the Kol-
mogorov scale. The values of the model parameters are

a ¼ 5

9
; b ¼ 3

40
; b� ¼ 0.09; Cs ¼ 6.0 ð61Þ
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